Abstract. In this paper, we obtain the general solution and the stability of the bi-Jensen functional equation
Introduction
In 1940, Ulam proposed the general Ulam stability problem (see [8] ): Let G 1 
be a group and let G 2 be a metric group with the metric d(·, ·).
Given ε > 0, does there exist a δ > 0 such that if a mapping h : G 1 → G 2 
satisfies the inequality d h(xy), h(x)h(y) < δ for all x, y ∈ G 1 then there is a homomorphism H : G 1 → G 2 with d h(x), H(x) < ε for all x ∈ G 1 ?
In 1941, this problem was solved by Hyers [3] in the case of Banach space. Thereafter, we call that type the Hyers-Ulam stability. In 1978, Th. M. Rassias [7] extended the Hyers-Ulam stability by considering variables. It also has been generalized to the function case by Gȃvruta [2] .
Throughout this paper, let X and Y be vector spaces. A mapping g : X → Y is called a Jensen mapping if g satisfies the functional equation
For a mapping f : X × X → Y , consider the functional equation:
For a mapping g : X → Y , consider the functional equation:
In [5] , Y.-W. Lee solved the solution and proved the stability of the equation (1.3). The equation (1.3) generalized by S.-H. Lee [4] and Y.-W. Lee [6] .
In this paper, we investigate the relation between (1.2) and (1.3). And we find out the general solution and the generalized Hyers-Ulam stability of (1.1). 
for all x, y ∈ X. Then f satisfies (1.2) and
for all x ∈ X.
Proof. By Theorem 2.1 in [5] , there exist a quadratic mapping Q : X → Y and an additive mapping A : X → Y such that
for all x ∈ X. Putting y = x in (2.1) and then using (2.3), the equality (2.2) holds. By (2.3), we get 2 5g
for all x, y, z, w ∈ X. By (2.1) and the above equality, f satisfies (1.2).
Proof. By (1.2) and (2.1), g satisfies (2.4). Setting y = x in (2.1) and using (2.2), we have
for all x ∈ X. Taking w = 0 in (2.4), we obtain that 2 5g
for all x, y, z ∈ X. Letting y = z = 0 and replacing x by 2x in (2.6), we get
for all x ∈ X. By (2.5) and the above equation, we have
for all x ∈ X. Putting y = z = x in (2.6), we see that
for all x ∈ X. Replacing x by 2x in the above equation, we get
for all x ∈ X. By the above equation and using (2.7), we have
for all x ∈ X. By (2.7) and (2.8), we get (2.9) 16g(3x) = 9g(4x) − 7g (0) for all x ∈ X. By (2.5) and (2.6), we obtain that
for all x, y, z ∈ X. By (2.7), (2.9) and the last equation, we see that g satisfies the equation (1.3). Proof. We first assume that f is a solution of (1.1). Define g x , g y : Note that
for all x, y, z ∈ X. By the same method as above, one can obtain that
B(x, y + z) = B(x, y) + B(x, z)
for all x, y, z ∈ X. Hence B is bi-additive.
Conversely, we assume that there exist a bi-additive mapping B : X × X → Y and additive mappings A, A : X → Y such that f (x, y) = B(x, y) + A(x) + A (y) + f (0, 0) for all x, y ∈ X. Since B is additive in the first variable, 2B x 2 , y = B(x, y) and so
for all x, y, z ∈ X. Similarly, we get
for all x, y, z ∈ X. Proof. If f satisfies (1.1), then
Conversely, assume that f satisfies (1.2). Putting w = z in (1.2), we have
for all x, y, z ∈ X. for all x, y ∈ X. By (2.2), we have
for all x ∈ X. Define S :
for all x, y ∈ X. Then S is symmetric bi-additive, A is additive and
for all x ∈ X. The converse is obviously true.
Stability of (1.1)
Let Y be complete and let ϕ : 
